When calculating nonlinear susceptibilities, a widely used two-level approximation in a sum-over states formulation is the exclusion of all but the ground state and one single excited state. With the goal of efficient optical frequency conversion, the basis of the two-level model is an assumption that just one excited energy level dominates, when determining the response of a nonlinear optical material. Naturally, any system that can be justifiably modelled as comprising just two energy levels affords numerous advantages, most notably calculational simplicity. However, caution is required; the two-level model can deliver potentially misleading results if it is applied without regard to the criteria for its validity. In a series of recent works, analytical results regarding the unsuitability of the two-level approximation have been proven. Ab initio computations of the hyperpolarizability for a class of merocyanine dyes have further demonstrated a drastic inaccuracy from not including higher energy levels in the calculations. In this paper, we report the results of our recent work testing the general validity of two-level calculations in nonlinear optics, constructed with a precise quantum electrodynamical framework as a basis for the theory. These new results show that, for the first-order dynamic polarizability, successive terms contribute progressively less to the final value of the tensorial components, guaranteeing convergence. In contrast, the values of second harmonic optical susceptibility components, similarly calculated, reveal that contributions from successive energy levels, often assumed to be diminishing, in fact fail to deliver the assumed convergence.
INTRODUCTION
The use of a two-level approximation (TLA) to simply characterize the nonlinear optical properties of organic materials is well known 1 . Usually only electronic ground states are significantly populated; higher levels are engaged only in the capacity of virtual states, and it is often assumed that just one electronic excited state dominates in determining the molecular response. Calculating nonlinear optical susceptibilities on this basis, excluding all but the ground and given excited state in a sum-over-states formulation, is a technique widely deployed in the calculation and analysis of nonlinear optical properties. The analytical tool of choice for the theory describing such molecular-scale systems and their interactions with the electromagnetic (EM) field is molecular quantum electrodynamics (QED) [2] [3] [4] . Both linear and nonlinear optical processes are readily described by QED (some of the most familiar examples of the former are elastic and inelastic scattering); however, the primary focus of photophysics research in recent years has been the comprehension of novel nonlinear processes, some of these yet to be explored by experimentation 5 . The application of QED to optically nonlinear organic materials has traditionally been inhibited by the difficulty in calculating the essential properties of higher-energy electronic states, and this is one justification for wide application of a two-level approximation [6] [7] [8] [9] [10] [11] . Particularly within the last decade, the necessity for such an approach has been diminishing, as the accuracy of ab initio calculations has reached previously unattainable levels. 
BACKGROUND PRINCIPLES
The interaction between radiation and matter is most precisely explained by QED. For the systems described in this paper ( Fig. 1) , under the conditions of normally applied laser intensities, the strength of molecular coupling to the radiation field is much less than the intramolecular Coulomb binding energies (the latter equivalent to around 10 17 W cm -2 ); accordingly time-dependent perturbation theory can be deployed for the combined system comprising both the molecules and the radiation field. The quantum amplitude FI M that couples the initial and final states of the system is thus generated from the following infinite series:
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where the intermediate virtual states are denoted by R , S , T ... upon which 0 H operates, E n is the energy of a state indicated by its subscript, and the tilde denotes inclusion of a damping factor. The interaction Hamiltonian H int is linear in the electromagnetic fields, which have corresponding mode expansions that are linear in the photon annihilation and creation operators. Therefore, the n th term in Eq. (2) delivers the leading contribution to the quantum amplitude for any process involving n photons.
It is instructive to proceed using the electric dipole approximation in the multipolar formalism, the transition/static dipole moments denoted by . . The components of the polarizability are given by:
where h is Planck's constant and ω is the circular frequency of the emitted and absorbed photon. Furthermore, 
where the index i is assigned to emission and j,k to absorption; r and s represent virtual molecular states, each one again limited to a set of N.
To illustrate the applicability of the two-level approximation in non-linear optics it is expedient to plot:
where an overbar represents averaging of ( ) ij N α over the appropriate frequency interval, and the argument N, of the tensors indicates the number of excited states used in the calculations. Similarly, for the hyperpolarizability tensor, we have:
These measures are indicative of the percentage departure, in the values of the tensor components of theα and β tensors, from the two-level result; a value close to 100% in either case therefore indicates justification for use of the two-level approximation.
RESULTS OF N-LEVEL AB INITIO CALCULATIONS
To determine the values of the measures displayed in Eq. (5) and (6), two compounds from the merocyanine class of laser dyes have been used as a basis for ab initio calculations. These are the enol and dicyanide derivatives shown in Fig.  1 . Calculating the values of polarizability and hyperpolarizability components as a function of input frequency, with the inclusion of resonance damping, provides data for the construction of the plots featured in Fig. 2 . The additional terms computed for the plot take into account the first twenty excited states of the merocyanine dyes, allowing for a comparison of the TLA with a more thorough analysis.
All calculations were performed using the Gaussian 03 43 computational package. The ground state structures of the merocyanine compounds were geometry-optimised using the crystal structures as a starting point, deploying the threeparameter exchange functional of Becke 44 TLA is a he active the SHG hyperpolarizability. The plot for compound 1 (iii) reveals significant and increasing divergence from the two-level result as the value of N rises above 15. Plot (iv) for compound 2 displays an approximately 16% departure from the TLA when considering 8-11 excited energy levels, further contributions reducing the value of the β tensor component. Thus, it is not obvious whether the TLA gives a realistic description of compound 2 as N → ∞ ; in fact neither of the hyperpolarizability plots offer any guarantee of convergence.
An inspection of the values of dipole moments for transitions between the ground and the first 20 excited states confirms that for both compounds studied in this work the most intense transition is to the first excited state (5.2 D and 6.1 D for the first and second compounds, respectively). This transition is predominantly polarised along the z axis. Other transitions are associated with dipole moments that are significantly lower in magnitude. Generally, the overlap between the multi-electron state function describing the ground state (consisting mainly of occupied one electron orbitals) and configuration state functions describing the excited states (with increasing contributions from vacant orbitals) is progressively reduced for higher lying excited states. As a result, the intensities of successive transitions and associated terms in (3) tend to decrease. The situation is substantially different in the case of the hyperpolarizability, where terms in the sum (4) (4), making the components of β strongly dependent on the number N of excited states involved in the model.
CONCLUSION
It is tempting to assume, when a sum-over-states formulation is deployed in the calculation of optical response tensors such as polarizabilities and hyperpolarizabilities, that the larger the number of excited states included in the calculation, the more accurate will be the result. Since precise analytical formulae are not available for the energy levels and transition moments for any but the simplest atoms, there is no simple test that can ensure convergence in any sum over states, when applied to real molecular systems. As a matter of pragmatism, if the results of such a calculation exhibit little change when an additional level is added in to the state summation, it might therefore be taken that convergence has been achieved, and that the inclusion of any further levels would be unnecessary. The attraction of such a view is compounded by the rapidly increasing degree of calculational complexity, and hence computational time, introduced by every additional level. Our results nonetheless show that such assumptions are generally unsupportable, and the reason is not hard to identify. The sum over states in the hyperpolarizability expression (4), for example, has summations over two virtual states, and so the number of contributions rises quadratically with the number of levels used in the calculation -whereas in the polarizability case, the number of contributions rises linearly with the number of states, as follows from the single state summation. This feature, whose impact is very clearly exhibited in our calculations on specific dyes, is likely to be of still greater import for the molecular tensors associated with higher orders of optical nonlinearity.
